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Abstract—A kriging method has been used to interpolate the 
value of the scintillation indices over a region, using a limited 
number of samples. This method has been combined with the 
Global Ionospheric Scintillation Model (GISM) to estimate the 
scintillation level over a region, using data collected by GNSS 
receiver.  

Index Terms—kriging method, ionospheric scintillations, 
propagation, Global Navigation Satellite System (GNSS), space 
weather. 

I.  INTRODUCTION 
The variation of electron density in ionosphere may affect 

the stability of RF signal propagating through it. This 
phenomenon, called scintillation, is especially strong after 
sunset, during the equinoxes, at low latitude. It can be of 
interest for VHF or L band frequency (used for GNSS). 
Computer codes, such as GISM [1] or the Wideband 
ionospheric scintillation model (WBMOD) [2], have been 
developed to simulate such a phenomenon, based on 
measurement campaigns and on its physical modeling. 

Like for meteorological prediction, these codes may 
provide trends over days and seasons but they cannot exactly 
predict the level of the scintillation, at one location and one 
given time. For other applications, the kriging method has been 
developed in [3] and applied in [4], [5], [6] and [7]; it aims to 
estimate the value of a regionalized random variable around 
measurement points. 

The kriging algorithm is first described. Then an example 
is presented for a pseudo-random observable depending on a 
one-dimensional variable. Finally, the kriging method 
combined with GISM is applied to generate one scintillation 
map. The quality of the kriging algorithm is evaluated using 
the cross validation technique. It consists in removing some of 
the data to check that the estimated results fit in the confidence 
level range. 

II. PRESENTATION OF THE KRIGING ALGORITHM 
This algorithm is well described in [4], all the notations are 

introduced in this section. The parameterization of the model 
is first described and then the interpolation of the data is 
detailed. The kriging technique was selected for the following 
reasons: 

• It is an exact interpolator; 
• It is well suited to interpolate multivariate random data; 
• It provides an estimation of the interpolation error. 

A. Parametrization of the model 

The purpose of kriging is to interpolate a random 
observable ݕሺ࢞ሻ depending on a variable ࢞. This variable can 
be a scalar for a one-dimensional variation or a vector, for a 
multi-dimension variation.  

The observable fluctuates around a linear combination of 
M models ݂ሺ࢞ሻ, assumed to be well known. The fluctuation ߱ሺ࢞ሻ is random and is also dependent on the variable ࢞. This 
can be summarized by the following equation: 

ሻ࢞ሺݕ  ൌ ሻ࢞ሺࢀ࢘ כ    ߱ሺ࢞ሻ (1) 

with the so called regression vector ࢀ࢘ሺ࢞ሻ and the weight 
coefficients p of the models (which have to be estimated from 
the measurement):  

 
ሻ࢞ሺࢀ࢘ ൌ ሺ ଵ݂ሺ࢞ሻ ڮ ெ݂ሺ࢞ሻሻ ; ሻ࢞ሺࢀ  ൌ ሺଵ ڮ  ெሻ

(2) 
 

(3) 

The measurements ݕ௦, gathered in the vector ௦ܻ, are recorded 
at n samples ࢙࢞, contained in the vector ܺ௦: 

 ௦ܻ ൌ ൭ݕଵ௦ݕڭ௦൱ ;  ܺ௦ ൌ ൭࢙࢞࢞ڭ࢙ ൱ (4) 

The regression matrix, associated to the samples, is 
calculated. Its coefficients correspond to the value of the 
models at the sample locations: 

 ܴ௦ ൌ ൭ ଵ݂ሺ࢙࢞ ሻ ڮ ெ݂ሺ࢙࢞ ሻڭ ڰ ࢙࢞ଵ݂ሺڭ ሻ ڮ ெ݂ሺ࢙࢞ ሻ൱  (5) 

Then the sample locations ࢙࢞ are replaced by their normalized 
counterparts ࢞ෝ࢙. A matrix, collecting the distance of the 
normalized sample value is defined: 

௦ܪ  ൌ ൭ԡݔොଵ௦ െ ොଵ௦ԡݔ ڮ ԡݔොଵ௦ െ ڭො௦ԡݔ ڰ ොଵ௦ݔԡڭ െ ො௦ԡݔ ڮ ԡݔො௦ െ  ො௦ԡ൱ (6)ݔ



The random fluctuation ߱ሺ࢞ሻ is a Gaussian process with zero 
mean.  Its covariance matrix ܥ௦ is associated to the samples. 
The coefficients of indices ሺ݅, ݆ሻ are expressed as: 

,௦ሺ݅ܥ  ݆ሻ ൌ ఠଶߪ כ ,௦ఠሺ݅ܥ ݆ሻ ൌ ,ሻ࢙࢞൫߱ሺݒܿ ߱ሺ࢙࢞ሻ൯   (7) 

This matrix has to be estimated. If there are sufficient reliable 
data, it is possible to calculate what is called a variogram and 
make the covariance matrix fit with a polynomial function as 
explained in [4] or any other function, such as in [5]. A 
variogram is a function quantifying the degree of spatial 
dependence of a random quantity. In this paper, the variogram 
has not been estimated and the covariance matrix is defined as 
in [6]: 

,௦ఠሺ݅ܥ   ݆ሻ ൌ  exp ቆെ ,௦ሺ݅ܪ ݆ሻܽ ቇ (8) 

where the range ܽ has to be optimized, using the estimated 
value of the weight coefficients ݐݏ݁ and ߪఠଶ , given by [4] : 

 
࢚࢙ࢋ ൌ ሺܴݐݏ ሻെ1ݏെ߱1ܴݏܥ כ ݐݏܴ 2߱ߪݏെ߱1ܻݏܥ ൌ 1݊ ൣ൫ܻݏ െ ൯࢚࢙ࢋݏܴ כ െ߱1ݏܥ כ ൫ܻݏ െ  ൯൧ (9)࢚࢙ࢋݏܴ

To optimize the range ܽ, as suggested in [4] and [7], the 
determinant of the covariance matrix should be minimized. 

B. Interpolation of the data 

Once the range ܽ is optimized, it is possible to interpolate 
the observable ݕሺ࢞ሻ between the samples at N locations ࢞ 
recorded in the vector ܺ. The estimated values ݕ constitute 
the vector ܻ: 

 ܻ݁ ൌ ൭݁ܰݕڭ1݁ݕ൱ ;  ܺ݁ ൌ ൭࢞ࢋࡺ࢞ڭࢋ ൱ (10) 

The regression matrix, related to the chosen locations, is 
calculated: 

 ܴ ൌ ൭ ଵ݂ሺ࢞ࢋሻ ڮ ெ݂ሺ࢞ࢋሻڭ ڰ ࢋࡺ࢞ଵ݂ሺڭ ሻ ڮ ெ݂ሺࢋࡺ࢞ ሻ൱  (11) 

The normalized distance between the samples and the points 
to interpolate are set in the following distance matrix: 

݁ܪ  ൌ ൭ԡݔො1݁ െ ݏො1ݔ ԡ ڮ ԡݔො1݁ െ ݏො݊ݔ ԡڭ ڰ ොܰ݁ݔԡڭ െ ݏො1ݔ ԡ ڮ ԡݔොܰ݁ െ ݏො݊ݔ ԡ൱ (12) 

The estimated covariance matrix is computed similarly to the 
covariance matrix of the samples ((7)-(8)) using the estimated 
range ܽ and  ߪఠଶ  optimized in (9). Its coefficients of indices ሺ݅, ݆ሻ are: 

,ሺ݅ܥ  ݆ሻ ൌ ఠଶߪ כ exp ቆെ ,ሺ݅ܪ ݆ሻܽ ቇ (13) 

Finally, the estimated values of the observable are given by: 

 ܻ݁ ൌ ሾܣ  ݁ܥ כ െ1ݏܥ כ ሺ݀ܫ െ  (14) ݏሻሿܻܣ

with A defined as follows: 

ܣ  ൌ ܴ כ ሺܴ௦௧ܥ௦ఠିଵܴ௦ሻିଵܴ௦௧ܥ௦ఠିଵ (15) 

The interpolation error ߳ሺ࢞ሻ can also be estimated, as 
suggested in [4]. 

III. APPLICATION TO A ONE-DIMENSIONAL VARIABLE 

A. Example 
The method presented in section II is first applied to 

interpolate a pseudo-random observable, depending on a single 
variable (in this section, the dimension of x is 1). In the chosen 
example, this observable mimics one realization of a random 
variable, and is defined analytically by the formula: 

ሻݔሺݕ  ൌ ଷݔ  4cosሺ3ݔሻ  expሺെݔ כ sinሺ6ݔሻሻ (16) 

 This function is estimated in the interval [-2;2]. Eleven 
equally distributed samples are taken. A random distribution of 
the samples is also possible. In this case, the accuracy of the 
estimation might be worst but the conclusions would be the 
same. 
 Three approaches are presented. The first one considers 
that there is no a priori known model and that the observable 
fluctuates around a constant. The second approach assumes 
that the observable oscillates around a curve which can be 
approximated by a polynomial function. In the last approach, 
the model around which the observable fluctuates is very well 
known and the linear combination of the model will be very 
close to the observable. 
 
 These approaches and the considered models are 
summarized in the following table: 

TABLE I.  APPROACHES AND ASSOCIATED MODELS 

Approach Number of 
models M 

Model definition 

A 1 ଵ݂ሺݔሻ ൌ 1 

B 4 ݂ሺݔሻ ൌ ; ݔ 0  ݅  3 

C 2 ଵ݂ሺݔሻ ൌ ;  ଷݔ  ଶ݂ሺݔሻ ൌ  ሻݔሺ3ݏ4ܿ

 



B. Comparison of the results obtained by di
approaches 

The results of the kriging method are 
following figures: 

Fig. 1. Approach A : no a priori on the

Fig. 2. Approach B : interpolation of the model with 

Fig. 3. Approach C : the model is assumed to be
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The regression matrices are the following: 

 ܴ ൌ ൭ ଵ݂ሺ࢞ࢋሻڭଵ݂ሺࢋࡺ࢞ ሻ൱       ܴ௦ ൌ ൭ ଵ݂ሺ࢙࢞ ሻڭଵ݂ሺ࢙࢞ ሻ൱  (17) 

where ଵ݂is the estimation given by GISM at the corresponding 
locations ࢋ࢞ and ࢙࢞ (each one depending on latitude and 
longitude). 
The S4 level has been simulated, on a grid, which dimensions 
are [-85°;-69°] for latitude and [-20°;-4°] for longitude. The 
step in latitude and longitude is 1°. The S4 level of the model 
is linearly interpolated between 3 values on the grid generated 
by GISM. The final estimated values of the S4 level are 
presented in Fig. 5, the estimated relative accuracy is defined 
as: 

ሻ࢞ሺݕ|  െ ߳ሺ࢞ሻ|ݕሺ࢞ሻ  (18) 

is shown in Fig. 6. The same analysis could have also been 
performed on the phase scintillation index (Sigma Phi).  

 
Fig. 5. S4 level estimated by a kriging method, using GISM as a reference 

model 

 

Fig. 6. Estimated relative accuracy (in percentage) of the result. 

 The estimated accuracy is quite good (about 75%) even in 
the area where no data is recorded. The absolute estimated 
error is almost constant on the map and is about 0.13. As a 
result, the relative accuracy is better when the estimated S4 
level is high. Hopefully, this corresponds to the locations 
where the highest accuracy is required. 
  
 There are two ways to improve the accuracy of the 
interpolated data: 
 

• Firstly, it would be of interest to include additional 
stations, in order to increase the number of samples. 
 

• Secondly, the determination of the variogram, using 
the recorded data, might be also useful without 
increasing the number of samples. 

V. VALIDATION 
 To validate the method, 25% of the sample points are 
removed from the algorithm. They correspond to the PRN 18 
IPPs. The kriging method has then been applied to estimate 
their values. The absolute estimated error and the estimated 
accuracy on the S4 coefficient remain almost the same 
(respectively 0.12 and 75% on the track of the satellite PRN 
18). The comparison between the estimated and measured 
values is presented in Fig. 7: 

 
Fig. 7. Estimated and real S4 level on the PRN 18 track 

75% of the measured samples are within the confidence 
interval, which is coherent with what was expected. 

VI. CONCLUSION 
The kriging method was presented. An example has been 

detailed for a one-dimensional problem and the choice of the 
model appears as a critical point. The method has then been 
applied to create a dense map of S4 using a limited set of 
theoretical data computed with GISM. It provides interpolated 
S4 values with a quite good accuracy. The calculations 



performed were done with a poor data set. This will be 
improved in the future, including additional data, in particular 
from the IGS network. This would bring another way of 
improvement as an accurate determination of the variogram 
based on the data would be made possible as we will have 
enough points to do it. 

The calculation technique provides maps and concurrently 
error maps. As a validation, the algorithm has been checked by 
removing some data points and estimating their values from 
the remaining data. The estimated values at the missing points 
were found to be within the confidence level range 
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